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Abstract 

In this comment, we discuss some features of the multipolar expansion of the power radiated by a confined system of charges 
and currents, and the possibility of generalization to a higher arbitrary order of the multipolar expansion. 



This comment does not intend only to criticize Refi^ 
which, generally, contains correct results, but to make 
the interested reader aware of a certain type of problems 
around existing results and on the fact that they are still 
open to new theoretical and pedagogical contributions. 

Usually, for obtaining the multipolar expansion of the 
electromagnetic field, one deals with the integral on a 
finite domain V of a function F(x', R) having the suport 
included in V: 



F(x) = J F(x',R)d 3 x'. 
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Here R = x — x' , the point P(r) is in the exterior of 
T>, and the origin of the Cartesian coordinates is O 6 V. 
Denoting by d the linear dimension of T>, one obtains 
an T series expansion in powers of d/r, r — \x\, by the 
following procedure: 
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With F supposed satisfying all necessary conditions, we 
can invert the derivative, summation and integration op- 
erations such that 
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Equation is just the basic formula for providing the 
multipolar expansions in Cartesian coordinates. 

Equations (16) and (12) from^ are Jefimenko equations 
and can be written in the following form: 



B(x,t) = i/" V x ^dV, 



E( ,, f) = -/vM d v4/H!dV. ( 4) 

These equations, in fact, introduce the retarded poten- 
tials A and $ if it is possible to invert the order of the 
derivative and integral operations. Ini this possibility is 



not considered. Consequently, the multipole expansion of 
the field should be calculated using the Taylor series of 
the integrand from Jefimenko equations. Just in such cir- 
cumstances Jefimenko equations would be usefull. But, 
in this case, it is not possible to perform the multipole ex- 
pansion of the field in an arbitary point from the exterior 
of the domain V. Otherwise, the calculation of the mul- 
tipole expansions is the same as in the case of using the 
potentials, but with some unnecessary complications as 
the permanent specification of some derivatives express- 
ing the relation between fields and potentials. In the case 
of radiation field, the problem of multipole expansion is 
simplified in this respect. 

The radiation field is defined in Refi by retaining in 
the expressions of the fields E and B only the terms of 
order 1/r. However, we point out the insufficiency of 
this condition when calculating the radiated angular mo- 
mentum. In this case, the terms of order 1 jr 2 are also 
necessary. Equations (28) and (29) from Rcf. 1 , obtained 
from a relative complicated calculation, are, in fact, well 
known from Ref* 2 - (equations (66.3)). A direct verifica- 
tion of these equations, suggested in a footnote on page 
184 from Refi^, is given in Ref£, and also in Ref A Prov- 
ing the equations (66.3) from Rcf. 2 , one uses, in fact, 
Jcfimcnko's equations since equations B = V x A and 
E = — V>I> — ^A are written by inverting the order of 
the V and the integration operations, giving the retarded 
potentials A and $. Therefore, equations (28) and (29) 
from Ref. 1 correspond, as result as well as demonstra- 
tion, to equations (66.3) from Ref. 2 which are written in 
the following form: 



B rad (x,t) = -A rad x v, 

c 

E rad (x,t) = -{A rad X u) X V. 



(•5) 



Here, v = x/r and A rad is the radiation vector potential 
given by equation (66.2) from Refi^: 



A rad {x, t) = — [ J (x', t + -v-x') dV, 
cr J c 



(6) 



v 



where to = t — r/c. This last expression is present in 
equations (28) and (29) from Refi 

Another issue we want to emphasize in the present 
comment refers to the calculation technique used for mul- 
tipolar expansion in Ref. 1 . As far as we know, there 



are several results in the systematics of multipolar ex- 
pansions, results not used by the authors of Rcf. 1 . The 
situation is similar in Ref. 6 , a publication dedicated to 
this problem, comprising valuable results, but with a 
calculation technique equally primitive and slow. An 
old, short and self-consistent article published in 1978 
in Am.J.Phys. (Ref.—) may be used to introduce, with- 
out additional computational complications, the general 
expression for the multipolar expansion of the electro- 
magnetic field. One needs just a minimal set of notions 
on tensor calculus and to be able to choose some simple 
notation for tensor contraction. 

Let be the Taylor series of the integrand from equation 
([5]) considering only the dependence of as' through the 
retarded time. By introducing the arbitrary vector we 
can write 

J(£,to + -v ■ as') 
c 

n>0 



Because 



d'Jit t + -v as') = -ViJ{t to + -u- x'), 
c c c 



we can write 



J(€,ta + ■ as') 
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Starting from this expansion and applying the proce- 
dure introduced in Retf for the static case and then gen- 
eralized to the radiation field in Ref4, one obtains the 
general form of the expansion: 
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Let us define 



J (vx') n J(x',t )d 3 x' 



= e. t v tl . . . v in J x' h ... x' in J % {x', t ) dV, (9) 
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ej being the unit vectors of the Cartesian axes. Intro- 
ducing the consequence of the continuity equation 



Ji{x',t ) = V ■[x' l J(x',t Q )]+x: 



,dp {x',t ) 
dt : 
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Let us introduce the n — ih order electric moment of the 
charge distribution by the components 

P il ... in (t)= f x' h ...xlp(x',t)d 3 x', (11) 

T> 

and the associated vector 

V(v,t\n) = v il ... Vi n _ 1 Pi 1 ...i n - 1 i(t) e-i (12) 
such that 
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where the cancellation of a surface integral is considered. 
Because of V a;^ = and of the symmetry of the con- 
tracted indices, we can write 

a (n) = -ne^ . . . v in J x ' n . . . J in (as', t ) dV 
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+ V{u, to; n + 1) = -W") - neiV lx . . . v in 
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We introduce, as in Refji, the n — th order magnetic 
moment by the Cartesian components: 



Mil " An (<) = (n + Ik J il " " ' *»->■ [X ' X 3{X '' S t)]ln ' 

(13) 
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and the associated vector 

M(v,t;n) =v ix ... v in _ x M il ... in _ li e i . (14) 
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Therefore, we can write 
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With the last result, equation (JSJ) can be written as 

1 1 d n 

A rad (x, t) = -J2 ^ w M ("' to ' n) X V 
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After performing a change in the summation index of 
the last sum, the expansion of the vector potential can be 
written as 

1 Id™ 
A rad (x,t) = _^__[.M(i^o;n) xv 

n>l 

+ V(is,t ;n)] (15) 

Using equations ([5]) and (|15[) . we obtain 

B rad {x,t) (16) 
1 1 d™ +1 
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Equation (fl6|) is sufficient for calculating the total 
power radiated by the given charge and current system, 
but this calculation is possible in a general form if instead 
of the "primitive" tensors M^"* 1 and P*-™- 1 one introduces 



total symmetric and trace free (STF) tensors. In this re- 
spect there are some results in literature (see Refs.— ,—,—). 

A last observation regarding Refi equation (48) is a 
correct, but not uscfull result. Instead of Q(£,t) given 
by the mentioned equation, one can define 

Q(€, t) = J [3(| • x')x' - r' 2 £} p{x>, t) dV 



(2) 



which correspods to the STF tensor P 



(Zx'ix'j - r' 2 5 tJ )p(x',t) dV 



v 



introduced in the field expansion instead of the tensor 
representing the electric 4-polar moment P ' . 

We point out that field invariance to the substitution 

(2) ~( 2 ) 

P y ' — > P is an isolated case. For other substitutions 
of P (ra) or M (,l) by their projections on the space of STF 
tensors the field is not invariant and, consequently, the 
physical results also not. This circumstance is pointed 
out in Ref£, too. However, these substitutions are pos- 
sible with the price of introducing modified STF tensors 
generally different from the projections of the "primitive" 
tensors^. 
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